remark that the trajectories can only lie on the portions of S,, and SA, defined by xz 5 0 and x2 t 0, respectively [3] .
As the system is autonomous, we can always assume the initial time zo to be equal to T~ = 0. Then, given any initial condition x(0)
- (xoI, xo2, ~0 3 )~ on one of the aforesaid planes, the analytical solutions for such a plane can be derived from the following equations: (i) on S+ (p = l), S-(p = 
The relations definmg the vanous planes gve the conditions for the transitions of the dynamic evolution from one plane to another.
Simulation results and conclusion: The result of the numerical integration of the circuit equations (with the parameters R, = lOOsZ, R = 30kQ C = InF, I, = 50p4, G = 1O5pP1, V,, = IV, and V , = 0.5V) is shown in Figs. 2 and 3. As stated in the preceding Section, the trajectory in the phase space (x,, x2, x3 ) evolves on the surfaces S,, S., SDB, SA,, and S, (Fig. 2) . The projection of the trajectory onto the plane ( x I , x3) (Fig. 3) shows that the dynamics of voltages vI and v3 take place within a non-rectangular hysteresis limit cycle. The Lyapunov exponents characterising the stability of the chaotic behaviour were calculated by the circuit equations [I, 31, augmented by the corresponding variational equation [7] . In particular, for the set of parameters related to Figs. 2 and 3, the largest Lyapunov exponent is approximately equal to 0.167 and the smallest one is approximately equal to -22.43.
Then, by removing the hypothesis Vn << V,,, we maintained the chaotic behaviour of the circuit, but we also obtained a strong advantage, which concerns the possible hardware realisation of the nonlinear resistor RNz. In fact, as V, is now of the same order of magnitude as V,, it is sufiicient to define only one design strategy for both RN1 and RN2.
Acknowledgments: The authors wish to express their gratitude to M. Parodi for stimulating discussions. This work was supported in part by the Minister0 dell'universita e della Ricerca Scientifica, Rome, and in part by the University of Genoa within the framework of the research project 'Nonlinear circuits for information processing'. Introduction: Electrostatic discharges (ESDs) are associated with strong fields and currents which can easily disturb electronic systems located in close proximity [l, 21. Solutions to the problem need to consider the nonlinearity of the spark. In this Letter we incorporate the characteristics of a spark into the FDTD scheme by modelling its nonlinear resistance. The time dependent conductivity of the spark obtained by Rompe and Weizel's formula [3] is updated at each time step. This enables the ESD arc current and fields to be modelled directly. Calculations are made for the discharge between two infiiite planes and are compared with those from an equivalent sources model which can be applied for such a geometry.
Numerical model:
We consider ESD between a rotational metallic object and the infinite grounded plane. We define a uniform twodimensional FDTD grid using a cylindrical co-ordinate system and exploit rotational symmetry. Only field components E,, E,, Hq need to be considered. Using the standard Yee scheme [4] we can obtain the discrete analogues of Maxwell equations [5] . In fact these equations are written for the total field. In our case the total field is the sum of the static field and the transient field. Since the static field is a potential field, it will appear just in the term describing the conventional current in the arc. An electrostatic field inside the arc can be considered as homogeneous and only zdirected (z is the axis parallel to the axis of the object). As a result only the equation for the Ez component is modified by the change in the conductivity of the arc. The time dependent conductivity of the arc is calculated as follows: Numerical results: To exclude the influence of the shape of the discharging object and concentrate mainly on the nonlinear spark modelling, we performed calculations for the discharge between two infinite perfectly conducting planes. Voltage V was applied between these planes. First calculations were made for a linear but time dependent resistance. Its value was reduced from 1MQ to lOOsZ within 0.8ns. To compare the FDTD results with those from a different computational technique, we constructed an equivalent sources model. In this model the two planes and the arc channel between them are replaced by an equivalent infinitely long z-directed line, which consists of multiple images of the spark. If the current is known in the arc, it is known in all images. To determine the current in the arc, we use Ohm's differential equation in a form which had been used in the method of moments [6, 71. Using the fact that the fields from all images are delayed in time, and applying a simple central differences approximation to the time derivative of the current, we can obtain a recurrent formula for the calculation of the arc current: with 1 where I, is the current in the moment tm = At.(ml) and a is the radius of the arc channel.
Since the fields are homogeneous along the z axis, we used just one cell between the planes and we changed only the cell size in the radial direction. In Table 1 , N denotes the number of cylindrical cells which were used to model the arc channel in its radial direction. This Table shows convergence of the arc current, obtained by the FDTD method. It can be seen that convergence is quite fast. is good agreement between the results obtained using the two techniques. It should be noted that FDTD code can also handle other geometries, while eqn. 2 is valid only for the discharge between two planes. Next discharge results are presented (Fig. 2) , in which the resistance changes nonlinearly according to eqn. 1. The arc current frst rises exponentially and then linearly. FDTD results show a somewhat faster rise than the currents calculated by the equivalent sources model. If the model of Rompe and Weizel is used the resistivity changes much more quickly compared to the case which used a linear, but time dependent resistance (Fig. 1) . It was found 99.276 99.295 that the fast changes in resistivity can cause slower convergence in the FDTD scheme. Quite high accuracy in the FDTD calculation can be achieved just by using of fme mesh with N = 10. The equivalent sources method uses N = 1, so the results obtained by this approach are not as accurate. 
